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Abstract

We present the background and justification for a
new approach to studying computation and computa-
tional complexity. We focus on categories of problems
and categories of solutions which provide the logical
definition on which to base an algorithm. Compu-
tational capability is introduced via a formalization
of computation termed a model of computation. The
concept of algorithm is formalized using the meth-
ods of Traub, Wasilkowski and WozZniakowski, from
which we can formalize the differences between deter-
ministic, non-deterministic, and heuristic algorithms.
Finally, we introduce a measure of complexity: the

Hartley entropy measure. We provide many exam-

ples to amplify the concepts introduced.

1 Our Goals

“That which you cannot explain, you do not
understand.”

attributed to Albert Camus

We, as computer scientists, should be at least
mildly concerned over the quality of software. As
first documented by Charles Perrow [21] and so aptly
continued by Peter Neuman in comp.risks, complex-
ity is at least one of the culprits leading to failures.

Perrow defines two axes for complexity: (1) the num-

ber of components and (2) the number of interactions



between and among components. Perrow contends
that a large number of components and a large num-
ber of interconnections between them lead to “mind-
boggling complexity.” Dealing with such complexity
requires at least qualitative, if not quantitative, rea-
soning to distinguish among various interactions.

In informal discourse, we sometimes say that
one has “information overload” when one is over-
whelmed with complexity. Information is one of those
terms with several formal and informal meanings.
First, a bit of history of the formal term.

The statistician R. A. Fisher seems to have
originated the term information, which measured the
signal in noisy data [?]. In the same year, 1926,
Erwin Schrédinger used both the term and concept
in physics [?]. fisher26 and schrodinger26 ref-
erences are not yet tracked down. The term
was first used in communications by R. V. L. Hart-
ley in 1928 [14] then by Claude Shannon in 1948
[26]. Before and after Shannon there was much work
in physics relating information to entropy. The ini-
tial connection was made by Leo Szilard in 1929
[27]. Leon Brillouin [3] made many contributions in
1962 with Shannon entropy. Roy Frieden [8] returns
Fisher’s original definition. Another use of the term

information was made by Traub, Wasilkowski and

Wozniakowski [28] who use the term to mean “values

and structures available to describe a problem.”

Why should we develop these ideas? Dis-
cussions with researchers in computational complex-
ity lead to a realization that the Hamiltonian Cycle
Problem has an information related difficulty: There
seems to be no way to gain enough “information”
about the solution so we can avoid having to look at
all possible solutions. Our long-term goal is to de-
velop a framework in which to understand formally
what this statement implies.

This is a foundational paper: it seeks to ex-
plain complexity in terms of the amount of infor-
mation that must be gained during an algorithm.
Therefore, we propose a new understanding of old
ideas rather than to producing novel ideas in the old
framework. Our purpose is to develop concepts for
analyzing difficulties in obtaining computational so-
lutions.

Section 2 formalizes the concept of problem
and problem statement. Section 3 discusses a crit-
ical point in the development: logical models and
models of computation. In Section 4, we intro-
duce the representation-based concepts due to Traub,
Wasilkowski and Wozniakowski. This forms the basis
for understanding our information based approach.

Section 5 completes the representation-based devel-

opment. Using computation traces to show the cu-



mulative gain of information is explained in Section
6. Section 7 gives several complete examples. We

present conclusions in Section 9.

2 Problems, Problems, Prob-

lems

In considering the history of the development of sci-
ence and mathematics, one is struck by the inter-
twining of problems and the development of meth-
ods. If one reads the history of mathematics (which
is method oriented) without the sciences (which are
problem oriented), one is inclined to having an overly
romantic view of mathematics, its metaphysics, and
its epistemology. A good book in the history of math-
ematics [2, 17, 18] helps dispel this notion; [18] is es-
pecially recommended. In particular, the relationship
between problem and method is completely clouded
in the mathematical classroom because the focus of
mathematical knowledge is on method. A wonder-
ful discussion of this point is made by Feynman in
Chapter 2 of The Nature of Physical Law [7]. Unfor-
tunately, any highly developed area seems to discon-
nect the seminal problems from the current subject
matter. The first step leading to our framework is to
focus on problems and their solution.

The approach outlined here centers on infor-

mation, the link between information and entropy
in thermodynamics, and the methodology of Traub,
Wasilkowski and Wozniakowski [28], which they call
information-based; unfortunately, the two concepts
of information (entropy and TWW) are only dis-
tantly related. We shall refer to their methodology
as representation-based. Information is a measure of
complexity.

A problem statement is a pair of logical state-
ments: the givens and a to find statement.
Example. Bin Packing From Garey and Johnson

[9, p. 124]":

“Consider the ‘bin packing’ problem: Given
a finite set U = {u1,us,...,u,} of ‘items’
and a rational ‘size’ s(u) € [0,1] for each
item u € U, find a partition of U into dis-
joint subsets Uy, Us,...,U; such that the
sum of the sizes of the items in each U; is no

more than one and such that k is as small

as possible.”

O
Aside. I have specifically chosen this formulation
to point out how much must be known by students

being introduced to complexity issues. Indeed, our

own expert understanding of the problem would be

' specifically take the textual version and not the schematic

version shown on page 226



more difficult without a metaphoric statement. In a
cognitive sense, the understanding needed to properly
formulate the problem is extra-mathematical. This,
too, is a type of information. a
Aside. The style of the Garey and Johnson state-
ment traces its history back to Euclid. The geometric
researcher Menaechmus is given credit for the formu-
lation of geometry as a series of problems. |

The givens and the solution (of the to find)
statements are given in some logical system L. In-
formally, a problem statement defines both structure
and relationship. The structure is the definition of
the objects in the problem and their relationship de-
scribes how objects are related to form answers.

Let the givens be stated as a relation? A(x)
and the solution by a relation , (z,y). Any object
x satisfying the givens A is called an instance of the
problem. Any object y which satisfies , (z,y) is called
Therefore, a particular problem state-

an answer.

ment might be denoted

pclA,, ] (1)

We call the pair (A, , ) the constraints of the problem.
There is an implicit relation in the pair (4,, ); call

this relation p:

A—2 (2)

Y

2A relation is a statement in the formal language £. We

will assume the first order predicate calculus as ourZ.

p is the “answer” to the problem with no computa-
tion.
Informally, we would say that an algorithm ¢

solves the problem statement p, if

Az) A (o(z) = yA), (2,9)-

In the more usual computer science notation of Hoare

triples, we write [5, 16]:

A(z){s}, (z,) (3)

From this we say that one can solve a problem if one
knows how to construct an algorithm which accepts
instances and produces answers. Formally, let P be a
category whose objects are problem statements and
whose arrows are isomorphisms. Let ® be a category
whose objects are algorithms. The objects ¢ € @

take problem instances as inputs A(z) and produces

answers , (z,y). We seek functors to connect P to ®

P—=50.

Y is a methodology that maps problems to algorithms.

3 Solutions and Models

Our knowledge of a solution allows us to develop data
structures and algorithms that take in an instance of
the problem and construct answers. We know that
there may be many data structures possible and for

each data structure there could be many algorithms



satisfying the problem. Any algorithm must satisfy
the constraints in terms of computing capability that
we call the model of computation. The purpose of
this section is to define model of computation.

3.1 Models of Logical Theories and

Models of Computation

In logic, it is not enough to simply lay out some
arbitrary language and write something down that
is syntactically well formed. We do not repeat the
usual litany of definitions needed to pursue a thor-
ough study of logic; see any good graduate text in
logic such as van Dalen [29]. The principal compo-
nent we need is the concept of a model. A model is a
structure M = (A, F, R), where A is a set of objects,
F is a set of functions, and R is a set of relations. To
be a model, the logical language must be mapped to
M in such a way that the evaluation of the axioms
are satisfied by M. That is, the model of the problem
is anything that allows us to describe the instances

and the answers.

3.2 Models of Computation

One implication of the work on the equivalence be-
tween various abstract computation devices seems
to indicate that these abstractions form a category.

Hennie [15] axiomatizes this class with respect to rep-

resentation and capability; this axiomatization can
easily be extended out of the number-theoretic realm:
A model of computation or MOC is a structure that

defines

1. Representations and constructors;

2. Rules of transformation;

3. Rules of sequence;

4. Rules of well-formed programs; and

5. Costs of storing representations and performing

transformations.

We need such generality because programming and
problem solving may take place outside the tradi-
tional computing; e. ¢g., quantum or DNA comput-
ing. Therefore, our ideas must be sufficiently rich to
support objects and procedures other than computer
programs.

Thus, models of computation are not synony-
mous with Turing machines or any other abstractions.
Any real or abstract system imposes restrictions and
costs. For example, the requirement to use object-
oriented methods imposes real costs as well as per-
haps eliminating some solutions.

A program is a statement conforming to the
rules of well-formedness.

A model of computation

adds the concept of costs, which we must be able



to determine from the text of programs. An an-
swer may be determined by many different algorithms
and therefore have many different costs. The cost-
oriented restrictions are called criteria. Criteria are
used to optimize algorithms or to choose among sev-
eral competing algorithms.

Summary. A problem is denoted by Eq. 1. The
statement is made in a logical language. The prob-
lem can be faithfully represented® by many models.
Different problems can be implemented by different

models of computation. Therefore, we can think of

the whole issue as

Y:Px MOC— @, (4)
where P is a problem, MOC is a model of compu-
tation, and & is the class of algorithms that accept
descriptions of instances of problems and produces

answers. The exact form of ® will differ based on

MOC.
Categorically, we have the following

N

A,,) =2 M= (4,F,R) 2 pmoc  (5)

In most realistic situations, MOC is taken as a given,

leading to Equation 4 as the usual specification.

3This is not defined.

4 Information-Based Develop-

ment

The functor N = Ny o Ny is called the informa-
tion map in Traub, Wasilkowski and WozZniakowski
[28]. As explained previously we call their method
representation-based to distinguish their use of infor-
mation and ours. Therefore, we call N the represen-
tation functor.

The representation functor plays a translation
role that may be purely psychological. We now in-
corporate the approach in [28]. The computational
problem p.[A,, ] is in the problem category defined
in Section 2. It is convenient to think of the rep-
resentation functors as providing two relations: the
domain D and codomain C'. The requirement is that
the computational solution ¢ € ® takes an element
d € D, called an instance, and produces an element
c € C, called an answer, so that the logical statement
of the solution is satisfied.

If the the domain and codomain are both fi-
nite, then an information lossless coding should be
possible and listing all the inputs and solutions might
suffice. This is not always possible in the practical
computing reality. Consider our bin packing exam-
ple. The rational size of each object is positive, less

than one. In this problem, the IEEE double precision



floating point acts as if there were a 54 bit mantissa
and a ten bit exponent, giving 2%* possible values.
We need 22 bytes of storage for one element and 22
bytes for the location of the value in the final solution.
In other words, 266” bytes for an n element instance.
This is of course not feasible since we are struggling
to achieve terabyte (2%° bytes) storage.

Our points:

e Theoretical focus on a denumerable storage and
denumerable computation steps does not help

the finitist.

e How difficult it is to achieve an answer is proba-
bly related to how many elements we must con-

tend with.

e This example represents a prototypical informa-

tion based argument.

5 Information, Algorithms,

and Error

Let the representation functor N map the domain
A of the problem into a set D which serves as the
domain for an algorithm ¢. In the same vein, let M

map the computed output the co-domain C.

5.1 Representation-based  Approxi-

mation Concepts

Our approach is to focus on the development of the
answer. Let ¢ be an algorithm that accepts instances
and produces sets of answers. We allow for sets
of answers to introduce nondeterminism. Following

Traub, Wasilkowski and WozZniakowski [28], we in-

troduce representation-based solutions:
¢:D xR, —2¢
with properties
1. For all d € D, ¢(d,0) # 0.

2. For all 61,9, € R, , if 61 < d2 then ¢(d, 61) -

¢(d, d2).

We call z € ¢(d,€) an e-approximation for the so-
lution. In other words, ¢ induces a topology (see
below).

Let € be a non-negative real, then ¢(d,¢) is a
subset of C'. There is no reason to expect that ¢(d, €)

is unique because ¢ is nondeterministic. We form the

equivalence class

V(d,e) = {dc : ¢(de, €) N d(d, €) # @}

If we define

A(d,e) = [ é(de, ),

then we take A is the answer.



How large is A? The radius of information is

its measure. Let
r(d) = inf{e: A(d,e) #0,Vd € D}
r is called the local radius of information. Let

R = sup{r(d):Vde D}

= inf{e: A(d,€) #0,Yd € D}

is called the global radius of information. The most
important thing to note is that, in general, the an-
swers are not singletons.

Example. The theory in [28] is based on mathe-
matical and numerical analysis. If the problem were
“Find a root of a continuous real function which is in

a given interval” then
e ¢ is some root finding algorithm.

e d € D is a function.

€ € R4 is the tolerance.

¢(d, €) is the interval around the root.

e 7(d) is the smallest safe tolerance, which is the
tolerance that guarantees all the roots are cap-

tured..

O
Example. Heuristic solutions have many of the qual-
ities of numerical routines. Suppose ¢ is a simulated
annealing code to find the root of a system of equa-

tions. d is an instance of such a system. In this case,

€ is the radius of the set containing the root. r(d)
is the smallest radius that can be used and still be

guarantee a solution. a

5.2 Uniqueness, Non-Determinism,

and Heuristics

We can now offer the following interpretations:

e Problem P has a unique or deterministic solution

if Vd € D, ¢(d,0) = {c}, where ¢ is an answer.

e Problem P has a non-deterministic solution if
Vd € D, ¢(d,0) is not a singleton and Ve € {c} ,

¢(d,0) is an answer.

e Problem P has a safe approximate solution if

¢(d,0) is non-deterministic.

e Problem P has an unsafe approximate solution
if ¢(d,0) is not a singleton and ¢(d,0) has at
least one element that is an answer and at least

This is the

one element that is not an answer.

property we associate with heuristic solutions.

5.3 Error and Consistency

If either D or C has larger cardinality than A or , ,
respectively, there is an information loss. This natu-
rally introduces the concept of error. The problem,
however, is that there is no natural definition of error

as there is in real analysis. However, the consistency



condition is given by the below diagram. We want
the diagram to commute. This may be impossible

for non-computable problems.

Error can be formalized by a series of defini-

tions resembling the definitions of radii of informa-

tion.
e(p, N,M,d) = inf{d:¢(N(d)) € A(N,d,d)};
e(¢p, NyM) = sup{e(¢p,N,M,d)}
deD
= supinf{d: #(N(d)) € A(N,d,d)}
deD

where e(¢, N, M, d) is the local error and e(¢p, N, M)
is the global error of the algorithm.

Summary. We have developed a view of problems as
stated in some logical system, discussed what the pos-
sible manifestations of the system might be (model),
and introduced a the idea of a model of computa-
tion. We intend that programs will be written in the
language of the model of computation but we must
determine whether or not the things computed agree
with the model. The process of determining whether
or not these two sets are the same is called validation.
To determine what is actually computed, we turn to

denotational semantics.

6 The Trace of a Computation

The denotational semantics of programming lan-
guages [25, 13] has been studied since the 1970s with
work by Scott in continuous lattices. An operational
understanding of a language can be gained by consid-
ering the trace of a program. Consider the factorial

function:

fact(n) := if n=0 then 1 else n*fact(n-1).

One of the ways to understand the meaning
of fact is through wnfolding [1, 25], meaning suc-
cessive substitution and simplification. For technical
reasons [25, 13], the fact statement is encoded as a

functional:
F Afact.An. if n =0 then 1 else nx fact(n—1).

Thus, the type of F'is Z — Z) — Z — Z. This is the
motivation for ®.

Let graph(F;) be all the values computed by
F in i steps. Denote by graph(F) what F' should cor-
rectly compute. The condition we want F' to meet is
that it should compute what the relation p (Equation

2) specifies. Then
o0
graph(F) = U graph(F;)
=0

and this defines a topology. Recall that a topology

has the following properties [23]:

A topological space (X,T) is a nonempty



set X of points with a family 7 of subsets
(which we call open) possessing the follow-

ing properties:

i XeT,0eT,;

ii. O € Tand O, € Timply O01NO, €T

iii. Oy € T implies J,Oq € T.

Topological considerations have been important to
theoretical computer science; see [6, 22].

Therefore, we have a mechanism for generat-
ing and checking sets of values. We need a mechanism
to evaluate the size of an open set.

Example. Consider fact(3). It takes four unfold-
ings to produce an answer. What do we know about
fact(27) after four unfoldings? See [25]. O

The definitions of both the radius of informa-
tion and the error also lead to a natural definition for
topologies. The most important reason to emphasize
the topological nature is that topologies are consis-
tent, a requirement previously noted. This means
that models have topologies [10]. It also turns out
that once one has a topology, reasoning is possible.

Therefore, one of our goals, how to reason about com-

plexity, is realized.

10

7 Information in Science and

Computer Science

Information allows us to tell that two things are dif-
ferent. This is a fundamental idea and at the heart
of Brouwer’s whole philosophy of intuitionism [30]. If
there are 2 elements in a set, then there are L bits
of information required to discriminate among the el-
ements. Indeed, Guiasu comments [12, p. 29] “...in-
formation seems to represent a more primary step
of knowledge than that of cognition of probabilities.”
Information is also used in the sense of “uncertainty”.
We are uncertain when there are multiple possible
answers and no way to discriminate among them.
Therefore, uncertainty and information are conjugate
notions.

It is now time to introduce entropy and in-
formation as fundamental computational complexity
measurements. The justification for using these is
given immediately below: information is the ratio of
entropies and entropy measures work versus uncer-
tainty.

Warning concerning the term negen-
tropy. Following Brillouin [3, Ch. 12], we define
negentropy to be the negative of entropy so that a

decrease in entropy is an increase of negentropy. We

use entropy only for the thermodynamic concept. The



unfortuate use of entropy for the non-thermodynamic
situation leads to confusion. The confusion is caused
by Hartley and Shannon who defined entropy to be
the negative of the value called entropy by physicists.
For uniformity, we use negentropy throughout these
sections dealing with calculations; e. g., Shannon ne-
gentropy.

Why would we use a physical concept such as
negentropy in computer science? One of several views
of entropy (the physics term) in thermodynamics is
“... the net increase in entropy that occurs during an
irreversible process can be associated with a change
in state from a less probable to a more probable
state[31]” The thermodynamic relationship is stated
as

TAS = AQ

where T' is temperature, S is entropy and () is heat
energy. A perhaps better way to state this is AS
AQ); i. e., the change in entropy is proportional to
the change in energy. And “work” equates to “com-
putation”.

There are several interesting measures of ne-

gentropy. First, Hartley negentropy [14] defined as

H(A) = log, |4 (6)

where A is a set and |A| is the number of elements
in the set. The second is Shannon Negentropy which

uses probabilities. Let p; be the probability that the

ith value is the desired value. Then Shannon negen-

tropy [26, 11, 20] is defined by

H = —Xp;log, p; (7)

Shannon negentropy is interpreted as the average in-

formation per symbol. As they have the same basic

properties, we will have occasion to deal with both.
Shannon negentropy reduces to Hartley negen-

tropy if the distribution is uniform.

Al

H = -Sipilogpi

1

4 1
- A

—1

|A| 089
1

- TR

= log, |A].

7.1 Measuring Information and Its

Change
The change in information (which is linked to thermo-
dynamic negentropy as discussed above) is the change

in negentropy. That is, the information gained by go-

ing from state Sy to Si41 in the uniform case is

H(Sk) — H(Sk+1)

log, |Ax| — logy [Ak+1]

¢ | Ak
?Apql

= lo (8)

Prime Example: British Museum Algorithm.
In the British Museum algorithm, the curator

searches for something by always returning to the



starting point with an object. If the object is not the
object sought, the search starts over. There are actu-
ally two possible interpretations which would be sam-
pling with and sampling without replacement. From
an information standpoint, no information is gained

on the replacement case, since

H = =% pilog, p;
is a constant. At each step in the without replacement
there are fewer objects, hence H increases monotoni-
cally

H, = —logy(n +1)
and the information gained on this transition is

n+1

I, = —log,

O
British Museum Problem, Revisited. To prop-
erly account for the searching the British Museum
for two objects, the worst case time is the product
|A| x |B|. The (Hartley) negentropy of |A| x |B| is

given by
H(AB) = log, |AB| = log, |A]| + log, | B,
O

Principle 1 (Maximum Information Gradient)
A program should be designed so as to add the mazi-
mum amount of information to that which is already
known. Put another way, take the step that leads to

the greatest global reduction in uncertainty.

7.2 An Example using Factorial

A simple example is in order. Consider once again

fact as it is executed on a 32-bit machine.

fact(n) := if n=0 then 1 else n*fact(n+1).

What can we say about fact(3)? Think of this in

terms of traces.

1. At the beginning, fact (3) could have any value
in the interval [0,23! — 1]. Therefore, its initial

negentropy is

H = log,(2%') = 31

2. Doing one step unfolding, we get fact(3) =

3xfact(2). We have done some computation
(work), so we should have gained some informa-
tion. What is that information? We now can

say that any answer must be divisible by 3. How

One-third of them.

1)/3.

many numbers are there?
That means that the new space is (23! —
The third step removes every number not also

divisible by 2. The negentropy at each step is

Hy = 4.66x1071°
H = 144x1078
Hy = 7.94x1078

As predicted, the negentropy increases. There is

no increase of negentropy if we go one step more



since the division by one does not contract the

set. That is predicted by the fact that Hy = Hs.

Using the definition of information in Eq. 8 we

get
Step  Number  Negentropy Information
0 214783647 31.0
1.053
1 715827882 29.415
1.0
2 357913941 28.415

At the end of the computation, we have a set

which has numbers of the form

1-2-3,1-2-3-n,....

The correct one must be 1-2 -3 since the other
numbers require more information to differenti-

ate them.

7.3 Algebra of Information

This is based on [3, 4].

We want to have as our primary concept of in-
formation a measure of how difficult it is to specify or
find an object in the sense of constructing or comput-
ing the object. This interpretation comes originally

from Salmonoff [24] and Kolmogoroff [19]. Therefore,

13

exact information values are determined by the prob-
lem. Let us use I(x) to identify the information in
the object x.

If B C A, then the information difference is

the I measure of the set difference.

I(A - B) =log,(|4] - |[AN B|)

Let X and Y be sets. A relation on a set is a

subset of the all the possible pairings,

RCXxY
with
Rx = Az|(z,y) € R}
Ry = {yl|(z,y) € R}

Simple measures are I(X) = log, |Rx|.

7.4 Joint Information and Informa-

tion Under Hypothesis

Joint information for R is obvious since it is just a
set. I(X,Y) =I(R).

There is a concept of contingent. How much
information do I have about R if I know something
about the value of Y7 This is called conditional in-

formation.
I(X|Y)=I(R|Ry) = I(X,Y) - I(Y).

Conditional information measures the average impre-

cision regarding choices of X values for a given YV



value.

7.5 Total Information and Negen-

tropy

Information transmission is a measure of the con-

straints between sets.
IX)+I1(Y)>I(X,)Y)=1(X) + I(Y|X).

Negentropy is the average conflict between sets. In
our simple case, negentropy is the average informa-

tion content of the sets, which is
H(A) = 3)4,1(A;)

Example. Let A be a list of positive integers that
are used as a lookup table. What is the information

worthiness for sorting a list to be used in searching?

1. Unsorted case. In the unsorted case, we have
something similar to the sampling without re-
placement. The original number of possible ele-
ments in the first element of the table is 23! — 1.
Because the table is unsorted, no conclusion con-
cerning the other elements is possible by exam-
ining the first element. Therefore, the second set
of possibilities is 23! — 2. Using Hartley negen-
tropy, the information gained in the first step is

log, 231 — 1/231 — 2, and this sequence proceeds,

so in general the information gained at each step

is log, i/(i — 1).

14

2. Sorted case. In the sorted case, each step often
results in large reductions of the set of remaining
possibilities. As before, the number of possibili-
ties in the first element is 23 — 1. Let A; be the
value in the first location of the list. If the key

sought is not Aj, then there are two possibilities:

(a) If the key is less than that in Ay, then the
key cannot be in the table and new set of

possibilities is empty.

(b) If the key is greater, then the set of possi-

bilities is less than 23! — 2, it is23' —1 — A;.

In general, then, the information is given by

10g2(231 —-1- Aj—l)/(231 —-1- Aj)

O
Example. In the binary search method, we assume
a sorted vector of values u;, u; < u;r1. A target key
v is, in principle, to be tested against each w;. If

there is one u; that matches, then the search succeeds;

otherwise it fails. The method is

if( u;j=v ) then succeed
else if( u; < v ) then ‘‘go left’’

¢ ¢

else ‘‘go right’’

Before the first move, we know nothing. As-
sume the usual 32-bit integers; therefore, the negen-
If S; is the set remaining after

tropy is H = 32.

the ith test, then Sy = all values. S; is still sorted



and has a midpoint of m;. The first test gains a
large amount of information, in general, because it
“halves” the set Sp. Further tests do not make large
strides until the other bound is found. This move
may never be taken.

The principal of maximum information gradi-
ent is violated since we do not design the algorithm to
determine the bounds, largely because such bounds
are not useful information.

Space precludes our exploring this well dis-
cussed area, due to Brillouin, known as bound versus

free information. a

8 Information Independence

Let £ be a logical system and A be a programming

language (in its most general sense). Let R be a

relational structure for both £ and 4. A program S
in A is a procedures that maps states to states. Let
Y be the set of states for a problem P. The meaning

relation for S with interpretation 7 is a relation

MzS : ¥~ Sigma (9)

such that

!

o' if S terminates

MzSo = (10)

1 otherwise

A configuration in one argument set to a pro-
cedure and an interpretation. A configuration space

C is the set of all configurations.
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Rationale. A construct in a program has an evi-
ronment. A configuration is one environment for a
construct. We think of the configuration space as a

behavior table.

Definition 1 A configuration A is informationally
independent of a configuration B with respect to a
predicate ¢ if and only if knowlege of the status of
A with respect to a property ¢ does not change the

knowledge of the status of B with respect to ¢.

Rationale. The initial motivation for this definition
is to capture the notion of determining the circum-
stances under which all possible inputs tested. The
terminology is chosen to be similar to the probabilis-

tic concept of independence.

Theorem 1 If, for all A and B in a configuration
space C, A is independent of B with respect to ¢,
then to determine the configurations that are true for

¢, the algorithm must be run against all elements of

C.

9 Conclusion

I have introduced an outline of a theory of comput-
ing that focuses on the information. I have related
these ideas to a wide range of concepts in computer
science. We have been able to reproduce standard

arguments with a bit more precision. This is the first



requirement of any new set of ideas: they must at

least explain what we know.

The framework:

1. A problem P is a category whose objects are

problem statements. Problem statements are log-
ical statements that set the constraints (4,, ),
is the

where A is the instance relation and |,

solution relation.

. An algorithm ¢ € ® solves a problem P if it

fulfills the Hoare relation A{¢}, .

. A problem is a logical statement of constraints
but an algorithm is based on a model of compu-
tation MOC. The MOC sets the costs and the
language of the algorithm. Criteria of choice are

used to choose algorithms based on costs.

. Algorithms actually compute a series of approxi-
mations. This introduces radius of information,
error and consistency. This specifies the topol-

ogy of the solution.

. Traces generate a topology of solution by a par-
ticular algorithm. The generated topology de-

fines the nesting of sets; i. e., the convergence.

. Algorithms can be designed following the princi-
ple of mazimum information gradient: take the
step that guarantees the largest decrease in ne-

gentropy.

16

The theory is far from being formalized and

certainly does not yet answer the question laid out in

Section 1: is there enough information in an instance

of an NP-complete problem to ever be able to develop

a polynomial solution?
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